Abstract. This paper studies the question of quasi-(approximate) reachability of the standard observable realizations of pseudorational impulse responses introduced by the author. The framework places the current theory of retarded and neutral delay-differential systems into a unified input/output framework. Several necessary and sufficient conditions for quasi-teachability are derived. In particular, new criteria for quasiteachability and eigenfunction completeness are obtained for general delay-differential systems with no restriction on the type of delays. Furthermore, as a byproduct, the theory leads to necessary and sufficient conditions for approximate left coprimeness of matrices with distribution entries. Examples are discussed to illustrate the theory.
I + E(z)x(t+z) dz+Gu(t),
-h where 0< hi < h2 <"" < hN-h. Approximate controllability of this system has been investigated by a number of authors ([6] , [12] , [13] , [18] ). One of them, Manitius [14] , 15], gave a complete rank condition for the retarded case (i.e., F_i--0,
1, , N).
O'Connor and Tarn [17] extended his results to the neutral case, but gave a complete algebraic condition only for the case N 1 with no distributed delays. Salamon [20] extended these results to the case with delays in input, as well as giving the discussion of the general case using the notion of small solutions. However, a concrete algebraic criterion has not been obtained for the case when there is any distributed delay; obtaining such a criterion in the situation with general delays is left as an open problem.
In view of the complexity of formulas there, it appears to be difficult to obtain a generalization in this setting.
These approaches all associate an a priori chosen function state space model (e.g.,
M2
-or W-) to (1.1) and then discuss approximate function space controllability (teachability) there. There are, however, cases in which a priori association of a state space is either inappropriate or inconvenient. For example, in the study of a servo problem, we often need to consider a reference signal generator, which is specified by the transfer function, and this transfer function does not easily fall into the existing category of function space models. The recently introduced control scheme called repetitive control [8] , [9] , [16] , which uses a model 1/(exp (Ls) In view of these, it is also desirable to develop an approach more directly associated with transfer functions, impulse responses, and realization theory, so that the analysis is not affected by the presumptive choice of a state space.
In finite-dimensional systems, it is well known that reachability (controllability) can be studied from both internal and external points of view. It is also known that the latter is advantageous in relating reachability to irredundancy of the external representation. For example, given a fractional representation Q-(s)P(s) (Q, P= polynomial matrices) of a transfer function, we can always associate with it a standard observable realization EQ (known as the Fuhrmann realization), and this realization is reachable if and only if the matrices Q and P are left coprime [5] . It is, therefore, natural to attempt to generalize this fact to infinite-dimensional systems. However, in spite of a number of investigations on fractional representations of irrational transfer matrices (e.g., [2] , [3] , [10] , [25] ), the reachability question above has not been studied in connection with the external behavior.
It is then natural to ask the following questions in this context" (i) Given These entities are most naturally investigated in the convolution algebra '(R-), which is the space of Schwartz distributions having compact support contained in (-, 0] (see the end of this section for the definition).
By using the convolution algebra structure of g'(R-), we will prove the following:
(i) The Fuhrmann-likeobservable realization :Q is spectrally complete (i.e., the space spanned by eigenfunctions is dense in the state space) if and only if the matrix Q assumes full rank near the origin (see 3 for a precise statement).
(ii) E Q is quasi-reachable if and only if it is spectrally reachable (i.e., any eigenspace is reachable) and the matrix [Q, P] assumes full rank near the origin.
In the above results, Q admits any type of delays (distributed/noncommensurable).
Therefore, they generalize the existing criteria by Manitius [14] , O'Connor and Tarn [17] , and Salamon [20] to the general case with no restrictions on the type of delays.
The paper is organized as follows. In 2 we review the basic realization framework given in [27] - [29] , especially a type of fractional representation and its associated observable realization Eo. Section 3 gives a general necessary and sufficient condition for eigenfunction completeness, in 4, this result is applied to derive conditions for approximately controllability. Section 5 gives an application to delay-differential systems along with the discussion of an example. It is seen that the obtained criterion is simpler than the discussion involving small solutions.
Notation and conventions.
In what follows, the following notation will be used. All vector spaces and function spaces are considered over a fixed field k, which is either R or C. Functions and distributions are also k-valued. As usual, for a set V, V denotes the set of n-fold direct product of V. For a vector x V , x r denotes its transpose. If V is a topological space, we endow V" with the usual product topology.
For a .ring (or algebra) R, R "" denotes the set of p x rn matrices with entries in R.
When R is also a topological space, RP' is understood to be endowed with the product topology as above. To simplify notation we may sometimes drop these superscripts; for example, when it is clear that x(t) is an n-vector, we We assume standard knowledge on distribution theory, such as can be found in Schwartz's account [23] . Some familiarity with basic notions of the theory of locally convex topological vector spaces is also assumed [21] , [23] . However, some of the following function spaces, although quite fundamental, may not be encountered in standard textbooks (see [26] , [28] [21] , [26] induced by the sequence of spaces {L2[-n, 0]}:.
(R) := the space of C-functions defined on R with the usual topology (Schwartz [23] Thus we define a (constant, linear) input/outrnapf to be a continuous linear map that commutes with these left shifts [27] . It is known [26] [27] that f can then be represented by (22) , where A is a p x rn matrix (Radon) measure on [0, oo). Now note that (2.2) can be written as (2.4) f(co) r(A co), (
where ord a denotes the order of a distribution a [23] . An impulse response matrix A is said to be pseudo-rational if it can be written in the form (2.6) A-r(Q-'* P)
for some matrices Q and P over '(R-), where the p p matrix Q is of normal type,
Although not all impulse response matrices are pseudo-rational, at least all delay-differential impulse responses are known to be pseudo-rational [29] , [30] . As can be seen from (1.2) Q g. + P S, ---> for some sequences R, and S, of matrices with entries in '(R-).
We shall investigate the quasi-reachability of E using (ii). To this end,.we shall need some technical lemmas which we now summarize.
For a distribution q e '_, define r(q) to be the supremum of the support of q, i.e., (2.15) r(q) := sup {t supp q}. wT(z)y(--Z) dr= wr(-')y(") dr= (to T * y)(0).
Then f and F turn out to be topologically dual to each other [29] . In other words, when is the set of all eigenfunctions complete in X?
The same problem has beer, studied for retarded delay-differential systems by
Manitius [13] , [14] and by O'Connor and Tarn [17] for neutral systems, in the latter treatment, a concrete condition is given only for the case of one point delay. We shall generalize the results of [17] Since we have Theorem 3.1, the proof is entirely similar to that for the corresponding result of O'Connor and Tarn [17] , and hence is omitted.
The following stronger version of Lemma 3.3 is also an easy consequence of the separate continuity of the bilinear functional (.,.), the denseness of c g'(R-) and Proof Necessity. Take any q (g"(R-)) such that q3(s)rt-l(s) is entire. Take a sequence {O,}e @(-oe, 0] such that (3.6) supp Pn [-1/n, 0]; (3.7) j pn(t) dt= 1. Then it is well known (e.g., Schwartz [23] 
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To give a more concise expression to Theorem 3.9, let us prepare the following algebraic notions.
LEMMA 3.10. Let J := {q '(R-); r(o) < 0}. Then J is a prime ideal of g"(R-). Proof That J is closed under addition is obvious. Suppose q J and a g'(R-). We are now ready to state and prove the main result of this section, which is a generalization of the existing results in [14] , [17] , [20] . Note that no restriction on the type of delays is imposed. Here L2[0, a] is nothing but the totality of"small solutions" considered in the literature [13] , [20] (see Fig. 1 ). It remains only to prove that the pair (Q + PK, P) considered above is pseudorational.
LEMMA 4.11. Suppose that a pseudo-rational impulse response A Q-P satisfies the hypothesis of the beginning of this section. Then the impulse response given by Q + PK] -P, where K is a constant matrix, is also pseudo-rational.
Proof We need to show the following: Then, expanding (Ao+A)" by the binomial formula, and using the fact that the Neumann series (4.12) 
where 0 < h < h2 <" < hu. Let us temporarily take the output equation to be y(t)
x(t-hN). It is then appropriate to take Q and P as follows"
(. (For details, see [30] ; the difference between neutral and retarded is expressed in the definition of D(F).) THEOREM 5.6 [20, p. It is easy to check that condition (i) of Theorem 4.1 is satisfied. Condition (ii) is also satisfied; i.e., the system is quasi-reachable. In fact, the matrices Q and P take the following form when considered over the ring '(R-1)/J Salamon [20] claims that this system is not quasi-reachable, contrary to the conclusion above. A detailed analysis shows that it is impossible to take a nontrivial small solution in his discussion [20, p. 155], and the system is in fact quasi-reachable. As can be seen from above, our test relying on (5.9) is much simpler than a discussion involving small solutions.
6. Concluding remarks. We have proved necessary and sufficient conditions for our standard observable realization EQ to be quasi-reachable (and hence canonical in the sense of [27] ). When we choose Q asa delay-differential operator, these results extend the known results on quasi-teachability of delay-differential systems. In particular, the results do not require any restriction on the type of delays (points or distributed). Aside from this,the approach here has the following advantages"
(1) It is suitable for the situation in which a priori association of a state space is not appropriate. A recently introduced control scheme called repetitive control is an example of this situation. The method here can be effectively used for proving the internal model principle for this nonclassical servo problem [8] .
(2) The framework is closed under pole-zero cancellation. The existing state space approaches using M2 or W, etc. do not possess this property.
(3) As a result of dealing with the input/output behavior, it clarifies the role of the distribution algebra g'(R-), which has not been considered in the literature. This is much more general than that considered by Manitius [14] (his algebra is not applicable to neutral systems).
(4) By virtue of the investigation of the convolution algebra structure, the obtained criterion (Theorem 4.1) is much simpler in the general case. The existing method requires an individual inspection of the nature of small solutions, which can often be quite complicated (see Example 5.8 [22] , [23] ). In order that (B3) satisfy this requirement, the above constant a must be a real number. Then it is clear that its inverse Laplace transform is a distribution with compact support. 
